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ABSTRACT

9625

/

There is presented herein an analysis of the compressible laminar
boundary layer with an extcrnal stream of air of uniform velocity and
with hvdrogen fuel present in the flow. The transport processes have
been simplified by considering the p g product at each streamwise station
to be independent of the normal coordinate and by assuming all Prandtl
and Lewils numbers equal to unity, Finite rate chemistry is trcated in
detail.  Nitrogen was assumed to be an incrt diluent and eight forward
and c¢ight reverse reaction steps of the hydrogen-oxygen system have
been employed. An implicit finite difference method of solution has been
developed,  Numerical solutions for diffusive flows are presented but

difficulty was encountered in cases of energetic chemical reaction,
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THE LAMINAR BOUNDARY LAYER IN HYDROGEN-AIR MIXTURES WITH

FINITE RATE CHEMISTRY

I INTRODUCTION

As part of a study of the problems connected with the dumping of a fuel such
as hydrogen from the upper stages of an exiting boost vehicle, there are considered
here the characteristics of the laminar boundary layers in a hydrogen-air mixture
with finite rate chemistry. The problem being ;reated may be of some interest not
only for the immediate application cited above but also for its fundamental significance.
Laminar boundary layers in chemically reacting flows have been of increasing
importance in recent years; References 1-10 provide some indications of the current
status of the theory thereof.

In most of these studies two classes of approximations are applied beyond those
associated with boundary layer theory. These pertain to simplified transport of
mass, momentum and energy and to simplified chemical kinetics. These approxima-
tions are generally considered necessary in order to reduce to tractable levels the
numevrical difficulties associated with solution of the describing equations. Thus
the product of mass density and viscosity is generally taken to be constant and the
Prandtl number and Lewis numbers are taken to be unity. Until recently these
approximations have been considered not to obscure the essential features of the
phenomena. However, as noted in the following these parameters may vary
strongly across a multi-component boundary laygr. The treatment of the chemical
behavior is us&ally carried out in terms of either of the two limiting cases: 'very
slow'" chemical reaction corresponding to frozen flow or 'very fast' chemical

reaction corresponding to equilibrium flow. This treatment does not provide,




except in terms of "order of magnitude' considerations, any indication of which
of these two cases is likely to prevail in a given flow. Thus the question of whether
combustion does or does not take place within the boundary layer is not answered
by analyses of the limiting cases and essential features of the phenomena are lost,
There have been several analyses of laminar flows of the boundary layer type
with finite rate chemistry. Marble and Adamson (Referenceﬂ considered the ignition
of a combustible gas by laminar mixing; Dooley (Reference8) applied the same
approach to the boundary layer on a heated flat plate. In both of these studies a
one-step chemical reaction was considered; an iterative method of solution of the
species equation was employed. Chung and Ander.'son (Reference9) have treated the
dissociation of a diatomic gas in a high speed flow with finite rates; an integral
method of solution was employed. Finally, finite rate chemistry for air has been
applied to hypersonic wake flows by Vaglio-L.aurin and Bloom (cf., e.g., Reference 10).
It is the purpose of the present report to provide an a-alysis of the laminar
boundary layer with an external stream of uniform velocity and with 3 fuel present
in the flow. Several remarks concerning the point of view taken in the study
presented here are perhaps in order; the general analysis has been set up for an
arbitrary fuel-oxidizer system but the detailed treatment and numerical examples
have been carried out for the hydrogen-air system with the fuel in gaseous form.
The transport processes have been simplified by considering the pu product at
each streamwise station to be independent of the normal coordinate and by assuming
all Prandtl and Lewis numbers equal to unity. It will thus be recognized that the
frequently employed approximations relative to transport properties are applied

here. Finite rate chemistry is considered essential and is treated in detail. An




implicit finite difference method of solution has been selected with the view to

1
w
]

provide a ''"growth capability' for handling in the future more realistic transport
processes and flows with non-uniform external flow conditions,

The chemistry of the hydrogen-air system employed in this report follows
closely that of References 11 and 12. Thus nitrogen was assumed to be an inert
diluent but the reaction steps of the hydrogen-oxygen system, eight forward and
eight reverse, following the work of Duff and co-workers (References 13 and 14),
have been employed.

The report is organized as follows: The idealization of the flow is discussed
first and is followed by a treatment of the momentum and energy equations. The
species conservation equations for a general chemical system with simplified
transport properties are discussed next, particular attention being directed to
the external conditions applicable in various cases. The chemistry of the hydrogen-
air system is then described and the general treatment of the species equations
related particularly to this chemical system is also described. The details o the
finite difference method of solution are given in Appendix Il. The report concludes
with some numerical results which may be of importance for the hydrogen dumping

problem,

I

The authors gratefully acknowledge the work of Mr., Harry Gould who
wrote the finite difference machine program for the . B.M, 7090 digital
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II IDEALIZATION OF THE FLOW

The actual processes which may be considered when a fuel such as hydrogen
isejected from the upper stage of an exiting launch vehicle may be complex. One
of the most important practical questions to be considered is whether or not
combustion actually occurs under given flight conditions. In Reference 15 an order
of magnitude analysis based on flow times for a typical exit trajectory and chemical
times based on the hydrogen-air system is presented; it is shown that there is a
critical altitude in the range from 125 to 175 kilofeet depending on the mode of
dumping where the lengths associated with the initiation of heaf release may be
relatively short. The analysis of Reference 15 does not include the times
associated with the vaporization of fuel in liquid or solid phase and with mixing of
fuel and oxidizer; it may thus lead to excessively conservative fimes associated
with combustion. However, this analysis did indicate that either slot injection
parallel to the surface of the vehicle or injection from a downstream facing pipe
provides an environx;nent for the fuel making it less likely to combust in lengths of
practical interest,

The present study is directed toward answering in part the question of whether
or not combustion does occur under given flight conditions. To treat this question
for a chemical system as complex as that for practical fuels with air as an oxidizer,
it is necessary to idealize the flow. The aforementioned result concerning the
desirability of slot injection suggests as a model for finite rate chemistry the flow
shown schematically in Figure 3. The fuel in gaseous form is injected into the
air stream from a slot of height "a' with a velocity uj equal to that in the external

stream, i.e., to Uy. The boundary layers on the walls of the slot and on the splitter




plate are neglected so that effectively a boundary layer grows on the wall of
the vehicle starting at the slot exit. The static pressure in the fuel at the slot
exit is assumed equal to that in the external stream; indeed t‘pe static pressure
throughout the flow is taken to be constant so, for example, the velocity in
the external stream, ue, is constant. Finally, the flow is assumed to be
}aminar, two-dimensional and steady.

The implications of these idealizations with respect to practical flows
are in general evident. For example, the neglect of the boundary layers
upstream of the slot exit and the assumption of laminar flow imply that such
boundary layers are negligibly thin with respect to the slot height "a'" and
are laminar. * The assumption of uniform pressure implies the non-existence of
either shock or expansion waves at the exit of the slot and the absence of
interaction between the boundary layer and the external stream due to heat
release. Finally, the assumptions of uj=ue implies that the initial mixing
between fuel and oxidizer occurs at the origin of mixing (x = 0, y « a) in an
isovelocity region. It is noted that some of these assumptions can be relaxed
in future studies without undue difficulty provided the flow remains laminar.
However, the detailed treatment of turbulent flows with finite rate chemistry
poses difficult fundamental problems (cf., e.g., Reference 12).

The idealization of the flow as shown in Figure 1 is supplemented in the
present report by simplifying assumptions with respect to the laminar
transport processes. In particular the product of mass density and of viscosity

coefficient(p y) will be treated as a function of x, i.e., the actual distrilution

*This assumption also implies that the flow time required for the boundary
layer on the splitter plate to ''smooth out' is negligible compared to a

c}?emical reaction time. In future extensions of this work this assumption
will be removed.




at each station x will be replaced by an effective value of this product. The
Prandtl number will be takén to be constant and equal to unity. ZFinally, the
diffusion coefficient associated with the diffusion of each species in the mixture
of all species will be assumed to yield a Lewis number equal to unity. Again
it is noted that these assumptions are not essential to the numerical analysis

applied here and will.be relaxed in future studies.’



III ANALYSIS

The idealizations and assumptions described above permit the follocwing
approach to be exploited; the describing equations of mass, momencim, energy,
element, and species conservation can be transformed to s, nvariable. where
s=s(x) and 1 =7 (x,y). In these variables the velocity field is given by the
usual Blésius solution and can be found prior to the difstfibutj.'or;s which relase
to the stagnation enthalpy, element concentrations, .and species concentrations
and which are here obtained by finite difference calculations. Effectively then
the velocity field is uncoupled with respect to the energy and composition fields.

Velocity Field

Consider the boundary layer on the surface of the vehicle as shown in
Figure 1 in a gas flow of arbitrary chemical composition., The momentum

and mass conservation equations according to boundary layer theory are*

puds v v = (A%
d(PUW + 2 (V) = O (2)

Dx D:;

*Note that the analysis will be carried out here explicitly for two-dimensional
flow; the extension to axisymmetric flow is straightforward.
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It is desired to employ these equations to obtain the characteristics of
the yvelocity field in the boundary layer involving a reacting gas. A general
specification of the trarsport properties, particularly of the product p u
leads to non-similar flows, i.e., those for which no combination of x and y
into a new variable yields the complete description of the flow. For the
purposes of making engineering estimates it is therefore a great simplification
to consider at each station x a mean value of the product py; in this way part
of the affect of large changes in this transport parameter are accounted for.

Introduce a new independent variable which is a slight modification of the

usual Levy-Lees variable (References 16 and 17), namely

Y

/A £ody (3)
/1/(( vas fp(

g

X
where g = Q Ue zcx') clx' (4)
He

and where C =p H/oe,u e » (OW) being some characteristic
product of mass density and viscosity considered a function of the streamwise
coordinate x, Furthermore, assume the stream function satisfying

Equation (2) is of the form

F(xy) = J2s ‘f(q) (5)




Where
O = < ; 7 : /c T - € 9,

Then provided C*C where C

Blasius equation

N ©)

which is subject to the boundary conditions

\

flor: =0 ; Loy = 1

The parameter of interest is f'*(0) = 0.470 (cf., e.g., Reference 17).

Energy Equation

Consider next the energy equation written in terms of the stagnation
enthalpy hg; let the diffusion of each species in the mixture be described by

a Fick's law involving a mixture diffusion coefficeint, i.e., that

/OL\/L = =D wm d Y. (7)

Assume that the Lewis numbers p Di me/k > 1, for all i and that the
Prandtl number of the mixture is everywhere unity; then the energy equation

becomes

b+ pvobs =2 (A 3}&5) (8)

w o hs
/J x ‘} D‘} 0&3,

Now transform the equation to the s, variable defined by Equations (3) and

(4) and introduce the variable gihs/hs’e; there is obtained

O H/pHe Equation (1) becomes the well known
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24 R pL -lsf‘g} = o (9)

.

an* 1 Js
The boundary conditions are

C&szo) = ﬁw Cs)
%LsJoo\ - 4

At this point in the analysis it is perhaps appropriate to consider the initial
conditions which will be imposed on the energy equation, i.e., on Ejuation (9) and sub-
sequently on the element and species conservation equations. The transformations
on thes,n  variables do not permit arbitrary initial conditions to be specified at
s = 0. However, at s a s, >0 such conditions can be imposed and can be
determined for the flow as idealized in Figure 1 accor'éﬁng to the following
considerations: Close to the origin of mixing there will exist two distinct
viscous regions which will interact with one another only weakly if at all.

There is the isovelocity free mixing region originating at the pointx = 0, y = a,
and the wall boundary layer originating in this idealization at x » y = 0. The
form of these two regions diffuses the stagnation enthalpy and the composition
differences existing between the slot and external flows, The wall

boundary layer may be considered to grow in gas issuing from the slot, i.e.,
to be essentially devoid of gas from the external stream. These two viscous

¢
regions can be treated more or less independently until at a station x = x§j wher‘e
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the adjacent "edges' of the two viscous regiéns approach one another. The
distributions of enthalpy and composition at this station provide the initial data
for the solution of the energy equation, i.e., for Equation (9)>and of the element
and species equations which will be discussed below. The detailed discussion of
the determination of these initial distributions will be presented in Appendix 1,
Consider to complete the formulation of the energy equation an initial profile

specified as

%Lsé"ﬁ = 3&1) (11)

It is perhaps worth noting that in a reacting boundary layer the wall enthalpy
hw=hegw is usually not known apriori since the composition at the wall is not
known; it is thus more practical to assume a priori a temperature distribution
Ty = TW (s) and to compute gy, (s) as part of the solution, * .

Equation (9) subject to the conditions of Equations (10) and (11) will be solved
here by finite difference methods. Since the species conservation equations,
which complete the system of partial differential equations, will also be handled by

these methods, these equations will now be discussed.

Element Conservation

In the treatment of species conservation it is frequently convenient to utilize
the concept of element mass fractions (cf., e.g., References 1, 2, 6, and 19)
which define the mass fractions of a particular element in whatever form, i.e., atom,

molecule or compound it occurs. The definition of the element mass fractions are

*Note that if gw(s) is specified a priori an exact solution of Equation (9)
subject to its initial and boundary conditions can be obtained (ref, 18). This
approach cannot be recadily extended and was thus not employed here.
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suggested by the statement of element conservation which implies that

N .
> M W (12)
L W,

where y_is the number of atoms of element j in species i, Thus the element
1]

mass fractions are defined as

~ N )
Y o= o2 AN (13)
.) L=t w"

In view of Equation (12) the conservation equations for the element mass
fractions do not involve a creation term; indeed for all Lewis numbers equal to

unity the conservation of elements is given by

WY, 4 v = 2 ( D__WL) (14)
F J % r 29 QY / oy

Again transformation to the s, n variable yields for the problem under considera-

tion the equation

aYg + ({BQ‘L - 25§
7 "

1
0

A
3

(15)
which is subject to the boundary conditions
N
2Y. (s o) =0
27

(16)
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%y

The initial conditions will be such as those of the stagnation enthalpy, namely

?{,_ (5, 7() = Y L(T})
(17)

Note that the vanishing of the gradients of the element mass fractions at n - 0
implies the negligibility of surface reactions; this assumption will be employed
here.

The solutions of Equation (15), will be carried out by finite difference methods;
indeed it will be noted that the differential operater in Equation {]5) is identical
to that for the stagnation enthalpy h  (cf. Equation (9)) although the boundary :
conditions are different. It should be noted that the desired solutions can be
found in closed form (Reference 26), However, these solutions are practical ‘only in
te;ms of non-elementary, i.e., tabulated functions. Moreover, with more realistic
transport properties, finite differences must be employed so with a view toward
providing '"‘growth capability' in the computer program, the more direct finite

difference solutions are employed here.

Species Conservation

The composition is determined in the flow under consideration only when
additional species conservation equations are solved. If the flow involves N
species with L. elements, the N-L species conservation equations must be
considered explicitly. Note that if at a generic point in the flow, there are known
the L values of the :1} and the N-L values of the Y;i5 given explicitly by the

i's

conservation equations, then the remaining L values of the Y;,5 can be found
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from the definitions of the element mass fractions, i.e., from Equations (9).

In chemical systems of practical interest it is frequently found that the mass

fractions at a generic point differ by many orders of magnitude.; consequently,

this latter step of finding the remaining L. mass fractions can lead to degradation

in numevrical accuracy unless the mass fractions of species present in small

amounts are computed from the differential equations, i.e., so that the trace

species are among the N-L species given explicitly. *This is possible

provided the number of trace species is less than or equal to N-L. If this

inequality is not satisfied, then it may be necessary for numerical accuracy

to abandon at least in part the conservations equations intermsof the element

mass fractions; thus, additional species conservation equations with creation

terms must be solved explicitly., Indeed, it is of course possible to consider

only species conservation in which case N creation terms must be computed and

the element mass fractions are automatically conserved. However,

the creation terms are generally complex and involve considerable computation so that

use is often made of element mass fractions to reduce the number of such terms.
With the approximation attendant on Equation (7) and with the Lewis numbers

all equal to unity, the conservation of a particular species i is described by

Y. \
(//i 573 ) oW
. (18)

Y
>
o I

- 0O
(19)

Lot Ue

0 Y. + £2X. ~2s TV, *k&i)(/‘_’_@_"‘f:/u/{‘e
: A

) ———

*This suggestion is contained in Reference 2l in connection with inviscid
flows but is applicable to diffusive flows as well. .- oL s

PRV
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The boundary conditions are

.
o>

BYL(S!O\ =0 ; Y. (5, ) = Yie 20)
°7
Again the initial conditions are
\L(si/)(): \{L)LLW\)
(21)

It is interesting to note that in Equation (19) the parameter C distorting
the streamwise coordinate and the density p appear; this is symptomatic of the
well-known absence of scaling laws for chemically reacting flows with finite
rate chemistry.

Equation (19) subject to the conditions given by Equations (20) and (21) will
be solved by finite difference methods.

Auxiliary Equations Related to Static and Transport Properties

The system of conservation equations and their initial and boundary conditions
must be supplemented by several auxiliary equations, which will involve the prime
dependent variables, f' ‘, g, and the Yi's' In particular the distribution of static
temperature will be required; this is implicitly given in terms of the distribution

of f', g and the species mass fractions Y; according to the definition of g as

=2 Y. \; = hse 9 - U¢1!§')

¢ s B (22)

where hi = hj(T). Now for simplicity and yet for accuracy sufficient
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for most purposes the relation between the species enthalpy and the temperature

can be taken as

\hk = AL + C‘q‘ (T"TY‘\ (23)

Then Equation (18) becomes

(T-T.)= 9hsem(Ueo ) ( §) - Z Y. D,
Z Yo Cpu

<

(24)

which yields the temperature explicitly in terms of the prime dependent variables.

For consistance it is noted that

(T<~ Tr) = l”ae - u;/Z_ - %—Tie A
Z Yie Cype (25)

Note that the transformation from the s, 5 plane depends on the availability of the

density ratio and that from Equation (3)

1

= c\)_;S fio"\'
%} /jz; Ue o © (3a)

In addition from Equation (4)

S

K= e\
. e Ue o

L TN 1 ds'

(4a)

which can be employed if C (s) is known.
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It is necessary to employ the equation of state to determine the mass

density ; it is convenient to express

v Y
e = T \"/C o T W Z —
’5’ __Tq "\J ——f—Q < l..:l( W;) (26)

The choice of a state for the determination of G and the calculation thereof must
also be made. At present there appears to be no rational way for determining
the parameter which-corresponds to the effective o w-product. However, the
wall valués provide an important and relatively simple state and will be employed

here. According to this definition

< = M (27)
Pe/‘c '

where ow/oe can clearly be obtained fromEquation (26) with T = T,

wW-Ww_,
- w

etc.. For PR it is necessary to compute the viscosity of gaseous mixtures.
W e

The approximate formula given in reference (21) has been employed here; thus.

v

N
/W: /(LW Ygu/ \(
\(\w‘\’W\. Z ~;)"'\A—J" Cng
[EE _)#t. \"/3

(28)

where

X ) \' ll/'..r 2 . .
D [\ 4 /{4:) K\J\:i) ] (29)

J-ii El + %}”l

3
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A  Auxiliary Equations for the Production Terms

The detailed specification of the production terms, i.e., those involving W,
in Equation (19) can only be carried out after the chemical species, their reaction
mechanisms, and reaction rates are established. Here the hydrogen-air system
with nitrogen treated as an inert diluent will be considered in detail. After

References 11-14 the reaction mechanism and rates are taken to be as follows:

Reaction
Egmbers Reaction Mechanism Reaction Rate
k]
1 H- O ——3O0H * O 3 x 10!% -8810/T
Z (4
kp 14 4030/T
2 O + H,——30H~ H 3 x 10 Te-
k -
3 OH - H,—i3H,0 - H 3 x 101473020/ T
k - T
4 20H—* 3H.0 - H 3 x 1014673020/
2 (30)
k
5 2H - M——5-->H2+ M 5 x 10°°
6 H + OH -~ M—>3H,0- M 10'7
16
7 Hr O~ Mae30, - M 10
14
8 20 * M—0,+ M 3 x 10

where M denotes any third body; where the units of kj are {(moles/cc) -1 gsec -1 for
second order reactions proceeding to the right (i.e., reactions 1-4) and (moles/cc)-2
sec '1, for third order reactions proceeding to the right (i.e., for reactions 5-8); and
. . O
where T is in K.
Thus the chemical system involves seven species (N#% 7) and three elements

(L « 3). It will be convenient to employ a numerical subscript notation to identify
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the species; thus let Oy, HZ’ Hp, Nz, O, H, and OH be denoted by the subscripts
1-7 respectively. Thus the elements are denoted by subscripts 1, 2, and 4. The
intermediates O, H and OH, are present in trace amounts and may be computed from
differential equations of the form of Equation (19) the concentration on one other
species, e,g. ’HZ' must similarly be computed while the remaining species may
be found from the element mass fractions given by the solution of Equation (15).

With this chemical system and with this selection of species to be determined by
partial differential equations and by algebraic equations, it is possible to define
the element mass fractions explicitly and to express the mass fraction species

to be determined therefrom; thus

Yoz Yos W /2wy) Y5 2 ¥s +{wilaws) Yy (31)
2= Yo F(wolws)Ya + Yo 4 (Wafzmwm) Y, (32)
\\q = Y% (33)

\fl = \/. - \/5- - (W./zwx.}(:\i'\(x'YA)“L\/‘/\(‘f\“/')) Y’7 (34)

\{3 - Wy/wa (1‘//2 - Ya Yo -(Ws f2 Wq) Y'7

(35)
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As mentioned previously it is possible for the mass fractions at a generic
point to differ by many order of magnitude, thus making the solution of the
algebraic Equations (31+35)highly inaccurate. For this reason the general

description of the creation terms for all of the N species are given : (cf. eg

Reference 23, 24) N \;_'
. b ] MJV ~
W, = W. fi (Y, -V, I P T\-(‘f;/wa) (36)
=1 L)
where N N LVLJ"'V«'J‘)
G’J = l'(PJ/Hclg)Tf’ (Y /weY~
.-
<N i
™My = :tt u‘) " (37)
s B o

where Kc’j is the equilibrium constant based on molar concentrations for reaction j,

1

and where v'ij andv.l'j are the stoichiometric coefficients of the reaction

N ) K N 4
3 .
;/ Ve, My —> Z v, M, (38)

¢
o :

Equations (30) and (36)-(38) permit the required Wy, g to be written as follows

W, < V\{sta’l{_ IS \,e/_ef]

wEW Pl’fc)g YS" ~\A/l -
g , - (39)
-k Y [g- L Ysh Wik T é
W, W, Moo Y, Y we Wo
2
- K s i- L Yl WaWs
Wl o \/\jz E EN %-w:\{ Xb [ KLJE. "‘A«Yb— Wi Wa ]
WS ) (40)
& : -~
cHa £ Ya Yy V-l aYe W.Wig
WA.W"' k‘-;,B \f'a, Y') ‘M)3 Wwe l
’ k! W *
R R
\/‘JbL\A/’ /JKC)b Y" >
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wo o W { s NN li-l Ya¥e Wi I (41)
Wz.W'y KCJB YI\‘/q w3 Wi
kN kN ,
g Ll e ]
l k(ﬂ 7 Wi Wg

+ ol o3 Yo L- L Ya \A{MJKK

Wely W PR, Y W (42)
W.r = O
e Ve mEL VI Yl w1,
W, W C)I \{\\{‘ V/'u/]
- h/x_ﬁ_} \ﬁl\(f{ I | ind _\_. \{6\{3 WLWb X
WaWs Moo Yo Yg We Wa
T A IS PO 73 -.\'1/1.:}
w'?l <y Yl \A/'z;\bg
- P Y- N \A}s\{/_}]
! WeW W \— F""C,'I YsYe W )
RS
+tiny P> Y,[l-..\_ \(\\\if_g_l%
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w, = W, {-hﬂﬂj \ng[[__L Ng Yq_ W,W__t_,_]

wi W h< L §
Sy, Ws Wo (44)
+ l’fl,ﬁi YaYs | 1~ L Ya \C Wl— Wy 1
W“‘WS [ KCJ:‘ Yz.\{s' WE.W‘I
+ hsf_} ¥ -1 YaYe Wil }
LW") k( \1\{7 \"/3 We
a2 YS-L % w*&
W‘DLW /OK(:'; Y5L W,
- e ﬁi \fe\f-) EI - Y‘s W W, 1
Wewq W (”(u Yo7 s
- 9 .45&1 Ys Ve fl - L Yo We W ]
\No‘we\d /Oh’CJ‘j Yé’ . *\;;._—.u
\/(/.7:\/\/7{ K\ﬁ} AT El—_\_ Ns Yo W,iWe 1
C Wy Ker Yoy We wa
1W11£ Yz*sil‘-L Igil \VLM@
Wi Ws e, 2y, My W Wa
-y 20 Y D Yo wowy
—’E—W’) e, s Moy WgWsS “3)
—aby 20 T - L YaYs Wyt l
. Wr] KCJ“t \f.)]' W~5w5

‘We_&B Ye\( Ll*l Yo \4!_‘_21_]
W, W, W Proc Yo¥a  wy

thy 22 YsYefi-1 01 17
Ws\w",w (° Ke \YSY‘. Wr)
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The equilibrium constants K_ . in these equations are available in tabular

']
form, e.g., in Reference 24 but for computation it is convenient to represent

them in functional form, namely

The constants Aj and Bj employed here with T in °K are as follows:

. . . O.

1 12. 1 0 8, 150

2 2.31 0 1,540

3 0.23 0 -7930

4 10. 4 0 -9490
4

5 1.85 x 10 -1 -54, 000
4

6 9.66 x 10 -1 -62,200

7 8 x 103 -1 -52, 500
4

8 9.67 x 10 -1 -60, 600

where Aj is non-dimensional for j = 1-4 and is cc/gm for j - 5-7.
Several comments concerning the four Equations (39)-(42) may be in
order. It will be noted that formally the creation terms given in general by

Equation (36) can be written as
K " - ' ~
w.o= W, 2 QT V»q) G (46)

where EJ, is clearly defined by comparison between Equations (36) and (46). There
are only K values of c'}'j to be computed. Also the form of Equation 39-45)

readily admit application of the partial equilibrium treatment for boundary layer as
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discussed in general form in Reference 23, This approximation should be valid

for the hydrogen-air system at relatively high pressure (one atmosphere or more)
and for high static temperature prior to heat release (IOOOOK or more). According
to this idealization of the reaction Gj~0, j 1,2,3, so that only one reaction
equation, i.e., only one creation term must be considered explicitly*. However,
the approximation Gj™ 0 does not imply that "o 0; indeed 6j ~ ijj.
Now the partial equilibrium approximation Gj-mO implies Kj—> o and Erj is
indeterminate, taking on whatever value is necessar y to insure locally in the

flow partial equilibrium. One technique for handling these indetermincies is given
in Reference 23, Finally, since the creation terms \:vi are non-dimensionalized
with regard to u,e/oez ué it might be convenient to factor from the! } brackets

a quotient ko/We where k, is a reference rate constant with units {molé/cc) . sec

and to insert in the same brackets , "2; this is suggested by the non-dimensionality’
e

Of(koue/\veueZL

-i

*The application of this approximation may be the subject of future research.
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IV. CALCULATIONS:

Numerical solutions have been obtained for a number of cases
of interest to the hydrogen dumping problem using an I, B. M. 7090
digital computer. It was decided to make use of all seven species
conservation equations to avoid at;y algebraic difficulties. In addition,

a curve fit of the velocity field in the following form was employed:

'gl(*)) A4ty - 01598 73+.boao~/ "77 ME 2
§'6)

The mocedure by which the external boundary conditions were applied

i}

A0 > 2z . Hxl (47)

along with a detailed development of the finite difference equations and
the computational scheme can be found in Appendix II. Determination
of the initial conditions is the subject of Appendix I.

Following the solutions of Equations (8) and (19) for the stagnation
enthalpy ratio, g=h/he, and the seven species mass fractions, Yi ,
respectively, Equations (24) and (26) are used to determine the static
temperature T and the density ratio pe/p respectively., This completes
the determination of the thermodynamic field and allows solution of
equations 3a and 4a thereby performing the transformation of the

solution back to the physical plane. The parameter E=p B/p oM o

halF s

appearing in Equation (4a) is evaluated along the wall (n = 0) with the

aid of Equationls (28) and (29).

In addition, the heat transfer to the wall given by:

-i;n{_\‘ = L__?___E,Oc/u_H‘D_j_ B_;_q ‘)
o Vas P A 213
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and the displacement thickness:
o o
L)
% = 1-24% Ydy = 05'_15% fe_ U el 4
Sa( oeqe ) ¥ /,ggu,_ c(/" Ge) (49)

were evaluated. The method given in Reference (24) was used to
obtain an estimate of the induced pressure forces acting on the plate.
Finally, whencver possible, comparisons with the approximate colloca-
tion technique of Reference (27) were made.

The general conclusion from this study is that the finite difference
program as developed here worked satisfactorily only when the chemical
reactions were slow, i.e., when long ignition distances prevail. With
that restriction, computation time for boundary layer distances over which
the hydrogen mass fractions become negligible is throughout the boundary
layer approximately 30-40 minutes. Thus a program of utility in con-
nection with heterogeneous but non-reactive slot flows is available. How-
ever, when the reactions are fast enough to lead to significant chemical
reaction, it was found that the streamwise step size had to be taken so
small that computation was impractical. The difficulty has been studied
and was found to be associated with the ''stiffness' of the equations con-
trolling the free radical generation, i.e., H, OH, and O. The concept
of '""stiffness' is discussed in Reference (28), however, the suggested
technique of solution was found to yield poor numerical results for the
8 ystems under cons idefation. It was seen from the study that the speed
of the reactions involving the above mentioned free radicals resulted in
instability of the f{inite differe"n’ce procedure for step sizes larger than

a limiting step related to the inverse of the large reaction rate coefficients.




-27-

A solution to the impasse described above has been found which
completely eliminates the difficulty. * This new procedure will be
incorporated into the analysis at the earliest opportunity. It is antici-
pated that the boundary layer computation with energetic reaction will

take no longer than those mentioned above for pure diffusion,

RESULTS AND CONCLUSIONS:

In Reference (15) a study was performed to determine the ignition
delay times, (i.e. ,. the interval pf time between the initiation of chem-
ical reaction and the noticeable release of heat) of hydrogen-air systems
under various launch conditions. From this it appears that a trajectory
point corresponding to an altitude of 45 km (150,000 ft.) and a Mach
number of approximately 5, yields the minimum ignition delay time and

hence represents conditions most favorable for the combustion and heat

rclease of the slot injected hydrogen. These external conditions were
therefore investigated. In addition, it was decided to investigate the
effect of a change in the external conditions on the boundary layer flow
due to an oblique shock wave induced in the vicinity of the slot.

The numerical cases considered were denoted as Cases I, II, and I,
External flow conditions for Case I corresponded to a trajectory point
at an altitude of 45 kmm and a Mach number 5. In cases II and III
respectively, the constant external'conditions considered correspondedf
to those present immediately downstream of a 45° and a 60° oblique

shock with upstream conditions corresponding to Case I. In all cases

*A new technique has been found by Dr. Gino Moretti of GASL for
handling the description of the chemical kinetics.
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The tem-

| gzi

the wall or skin temperature was assumed to be 500°K.

perature of the slot injected hydrogen was taken to be 75°K for
All the parameters of inter-

Case 1, and 100°K for Cases II and IIL
Figures la-m and Figures 2a-m refer

est are recorded in Table I.

to Cases I and Il respectively,
Under the idecalization and assumptions underlying this study, the

finite rate-chemistry calculations indicate

numerical finite-difference,
no cowmbustion in the boundary layers of Case I and II within lengths

In Case III, on the other hand, the program

of practical interest.
indicated the onset of reaction in a length of the order of 10 slot
Figures la, b, and 2a, b for Cases I and II respectively,

heights.
show the initial mass fraction concentrations and stagnation enthalpy

profiles obtained from the starting solutions outlined in Appendix I.

Figures lc-h and 2c-h show the mass fraction and static temperature

profiles respectively at representative streamwise stations.

It is worthwhile to make some remarks at this point concerning
Characteristic of hypersonic

the calculated static temperature profiles.
air boundary layers are high static temperatures within the bodndary

It is, in fact, their high temperatures which might usually be

layer.
expected to initiate the chemical reaction within the l.oundary layer,

Examinations of Figures lf-h show no such high static temperatures

for an appreciable distance downstream of the slot.
This is attributed to the cooling effect of the cold, high heat capa-

city hydrogen which, in the laminar mixing model, persists in sufficient
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quantities in the region of the wall for distances large in comparison
to bodies of interest. Indeed one first begins to notice this tempera-
ture ""pop' (Figure lh) on the order of thousands of feet downstream of
the injection point. (This conclusion may have to be modified by more
careful consideration of the large normal gradients in density, specific
heat and trans port parameters as noted in Reference 29.) Hence,
under the idealization of the flow presented here, at no place‘in the
fields of the Case I and Il boundary layers do static temperat:ures of
the order of the hydrogen air ignition temperature appear and there-
fore no combustion is observed for those cases.

Figures 1j and 2j show the wall distribution of mass fractions.
The dotted lines represent the solution of the approximate collocation
technique given in Reference (30). As can be seen, the approximate
solution appears to differ by a streamwise scale factor of approximately
an order of magnitude. This is perhaps the type of accuracy to be
expected from such an approximate analysis, Figures lk, 1 and 2k, 1
show the displacement thicknesses and corresponding induced pressure
distributions. The calculated displacement thicknesses were curve fitted
and linearized supersonic flow theory was used to obtain the pressure

distributions whereby:

- P = _%, C!_?*
‘V'(“:’lt‘ rA X

Smaller dis placement thicknesses are given by the collocation
solution since a more rapid diffusion is predicted by this approximate

theory. Hence, at a given streamwise station the density will be
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grcater and dis placement thickness smaller for the collocation

s olution than for the finite difference solution. Finally, the héat
transfer to the plate is shown in Figures Iln and 2n. Here again,
the more rapid diffusion of the cold hydrogen away from the wall,
in the approximate solution accounts for higher predicted heaf: trans -

fer rates.
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VI, LIST OF SYMBOLS

a= slot height
Cpi;Ai--’—constants appearing in Equation 22

Dif— binary diffusion coefficient

h= static enthalpy

hs-'-‘: stagnation enthalpy

p® static pressure

s= transformed coordinate defined by Equation 4
T= static temperature

u= axial velocity

v= normal velocity
V.~ diffusion velocity of each specics
i

W, = molecular weight of species i

W = mean molecular weight of mixture = (Z.

w7 creation term for species i due to K reaction
x7 axial coordinate

y= normal coordinate

Y,= mass fraction of species i

?ifmass fraction of element i

k=thermal conductivity

n = transformed coordinate defined by Equation 3
M = viscosity

p = mass density
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APPENDIX I

DETERMINATION OF THE INITIAL CONDITIONS*

In order to provide in a rational way the initial conditions on the
stagnation enthalpy, on the element mass fractions and on the species
mass fractions so that the finite difference calculations can proceed, an
analysis of the initial region of the flow, i.e., the region corresponding
to 0< x< xi in Figure 3 is presented. In this special analysis the
assumptions of the main analysis with respect to the flow and to the
gas are applicable. In addition, it is assumed that both the external
stream and the jet stream are supersonic and are at sufficiently low
temperature so that no chemical reaction takes place in the length X

The problem involved can be described physically in terms of
Figure 3 and pertains to the determination of the actual orientation
in the physical plane of the free mixing region. The indeterminancy of
free mixing flows is well known; Ting (Reference 25) provided the means
for removing this indeterminancy, Ting invokes the following considera-
tions: because of the nature of the boundary layer formulation of the

problem of free mixing, a boundary condition is lost and the solution for

the velocity is indeterminate. However, if the second order pressures

which are induced by the viscous flow are considered, and if it is required

that at cach streamwise station the induced pressure at * oo in the normal

direction and in the boundary layer sense, must be equal.the indetermin-

*The authors are indebted to Dr. Lu Ting for helpful suggestions concerning

the analysis presented here.
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ancy is removed. Toba (Reference 26) applied these considerations to
a flow similar to that treated here, but incompressible,

With this point of view established it is now possible to proceed
with the analysis; it is necessary to consider the free mixing in S':lch
a manner that the normal coordinates are prescribed with respect to
an arbitrarily selected streamline. Subsequently, the orientation of
this streamline in the physical plane will be determined. In terms of

".
the curvilinear coordinate system, s, y; with velocity components

u and vy the flow equations to the boundary layer approximation are

/ou,%ﬁ +/0V.D\}| = 9 (/(_D,_"_‘L\ (I-1)

dPu) + 2w =o | (1-2)

(#5%) =

—-— (I-4)
oY

where the same approximations relative to the Prandtl and Lewis
numbers have been employed as in the main analysis and furthermore

the flow is taken to be nonreactive.* The coordinates X, and y, are

*This assumption can be practically justified if the static temperatures
T and T, are less than T ; ;+ then no reaction will occur until oxygen
and hydrd‘gen mix in the portxon of the boundary layer wherein viscous
dissipation provides static temperatures in excess to Ti.

e

»
-
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related to the physical coordinates by the equations (cf. Figure III)

reox K

A

where it is assumed that dz/dx< <1 and where the line z=z(x) is the

(I-5)

streamline passing through the point {0,a). Similarily the velocity

components u; and vy are related to u and v by the equations

U, ¥ W

(1-6)
V\ '}V"Hél.;}

dx
Consider a solution of Equations (I-1) and (I-2) in the usual fashion;

introduce a streamfunction ;bl(x yl) so that

1’
(OU| = /aﬁ D‘h o

DY, (1-7)
(DV\ = '/(C %_‘.'h
X

and introduce the transformations

%
V= e e L ody (1-8)
7 /Jﬁ \)’;—;l » Pe \4
x!
SI = ﬁg_g.e- El d)‘: (1'9)
A >
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where El is some suitably chosen representative value of the ratio pu /o M e

for the mixing region. Continuing whith the usual techniques for finding a similar

solution assume

‘ﬁ = J;Es {l (’]n)

(1-10)

Then Equation (I-1) becomes

£+ 580

(I-11)

where { )' 2 d/dn,. The solution of II-11) of interest in the present problem is

¢ =1
-Fl - ,7' (I-12)

Note that the ' third boundary condition " has in this case been taken to be fj(o) = O;
thus, | = O along the line y = z(x) + a. Also with that

to= ¥ L E (1-13)
M

With the solution for the velocity field obtained in terms of 171 the solution for

the energy distribution can be obtained; transformation of Equation (I-3) to the

$;0 Ty variables followed by the assumption that 8 = 84 (ﬂl) leads to

R}

l
I I R (1-14)

which is subject to the conditions

j\tw): [ ) C() (-oh @ L\s;/‘\ﬁe = /\h (I-15)
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The solution is easily found to be .
T ox
= (e Ay ) + (=AW |z < d ¥ i
P Lo )= (1-16)
2 - o

A similar analysis applies to the species cons€rvation equation, namely
to Equation (I-4); indeed, the equation for Yi:'Yi (’nl) is
] Y \
A 1.7 =0 (1-17)
i.e., closely analogous to Equation (I-14). However, the boundary conditions are

different; they are

YL (L o0) = \{L,q
Yo (-00) - Yooy (1-18)

The solution is

\f =(\(.~¢£YL () o+ (‘Ce _27__Y_i~' V‘—%' e dx, (I-19)

The Ejuations (I-16) and (I-19) provide the distributions of energy and species

concentration in terms of 171 and therefore in terms of x, and ¥y Indeed since

1

v -

X ¥ X, it can be considered that the distributions in terms of x and Y, are known,
There remains the determination of z - z(x); to do so requires computations

of the velocities v at y = +a. Consider first the velocities v, at yl =t oo; in general,

1

from the definition of ¥,
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(1-20)

(AN

\525\

/a\v\ = - c {15\ DJ‘ 'gi +/O¢th Ea S|
A X,

Now
M, = - . (/O‘e UeF> v Pl U S AU Jg‘

D, 25 Me Mt Jrs o (e O i-21)

At n, = too the second term in the right hand side of E quation (I-21) becomes zero

so that

ﬂv\\ = O

92 T

This result implies that the induced pressure which arises from isovelocity free

mixing and which at y =+ @ would be equal to 'ue(p Vl‘, ) is zero; thus

Y1= @)
for 0 <x < x ,» Equation (I-6) can be satisfied by v. - v = dz/dx g 0 implying z

o}

1

and the line in the free mixing solutions corresponding to ¥, «7n; =z 0 lies along the

1
line in the physical plane corresponding toy =z a.

To determine the orientation of the free mixing downstream of Xg» it will be
assumed that the velocities induced on the free mixing region from the boundary
layer may be considered to be effective on the line y = a. It will be convenient for
the further discussion to refer to Figure IV which shows the distribution of induced
normal velocity computed along the line y - a. These distributions must be
considered: That due to the boundary layer, and (that) due to the free mixing tilted
with respect to the line y = a and corresponding to yy = 1 oo

Now the induced velocity at y = oo due to the bc.mndary layer is expressed as

(cf. the analogous treatment of v, in Equations (I-20) and (I-21)

1

0
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/0_., Vo :ﬁed& E\ N (1-22)
vas

where n is a constant associated with the asymptotic behavior of f,, namely as
n—>= ©, fesipy -n*, .
The velocities from the free mixi.ng and due to‘the tilting dz/dx are equal at
Mz f @ and, since v, = 0, are equal to u, dz/dx. Thus if linearized
Y1 + oo

supersonic theory is applied, the pressure induced on the lower surface of the line y -

a is

P -Puy - 2 LﬁsueC‘\n _dn) 1-23)
v LR

J
1 T—y

%./)J u,* \)ﬁa - ) Y ‘51(5"5") dx

x .
o u O— . .

where s = (_& e)g Gax! ) ; the pressure induced on the upper side of
He
O

the line due to the free mixing again according to linearized supersonic theory is

Pp'- P - 2 dj
f& R — (1-24)
1 Pe Ue yhe-y o dx
R

+ - .
Now require that p = p andlet Poo,e = Poo,j = Poo’ then Equations (I-23) and 1-24)

yield for U,z Ugsan equation for dz/dx; namely

4_’1 = /JQQ.Y\ RPe \/‘f‘,z:_ +\l = A C (1-25)
» A : Me' -1 Vs

where § 3 x - So» The solution subject to the initial condition z - 0 at 3 - 0is

*The value of n for the Blasius function is 1. 378.
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> | (1-26)
DT A Cds
o [
‘\/ J-_q;‘
or if Cis taken to be constant for the regions 0 < x < X, , (cf. Figure II) i.e.,
E.z-.E.", then
i
“ :
o - A G s
(1-27)

The free mixing solutions with the distortions associated with z = z ({ ) from
either Equations (I-26) or equations (1-27) is applied until the edge of the stagnation
enthalpies and concentration distributions associated with free mixing approach the
corresponding edges of the boundary layer. At the streamwise station at which
this occurs, numerical integration by finite difference methods can be initiated.

The determination of the length x, is complicated by the fact that the locations
in the physical plane must be determined. Define by a value %, the edge of the
boundary layer, i.e., where f'= 0.995, e.g., and a lower edge of the free mixing
by n-l, o+ Note that nl. . < 0. Finally define X, as the streamwise station at which

the edges in operation are separated by A >0; thus

, =<je* &% ‘j-km‘) (1-29)

Xt Ro

PRl

Consider the computation of each terms on the right hand side of Equation (I-29);

clearly from the inverse of the transformation given by Equation (3)

Te
Yoo meluse |\ Loy

/‘)e e > / (I-30)
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Similarly, from Ecuation (I-8) with s; == s =s

7(1<
‘ Ya,m | = l e J3se S f_f'cln' (I-31)

:"OC. de &} /‘j

The solutions for the boundary layer and for the free mixing permit the
integrals to be evaluated in terms of g and ;- Thus substitution of E uations
(I-26) or 1I-27), and Equations (I-30) and I-31) with (I-29) permit s  to be
obtained, where A 1is taken << 1

Then the solutions for the boundary layer and the free mixing in terms of 3/,

andn,, respectively, can be employedat s - s_ to determine hs,i %) Yi,i (n), and

Yi . (n) as required in the numerical integration.
» 1
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APPENDIX II

DETAILS OF THE FINITE DIFFERENCE COMPUTATION

The eight partial differential equations to be solved by an im-
plicit finite difference technique will be repeated here for convenience.

Let z.=Y.-Y, then,
i i, i,e

El ’

5:?: ¢ X '?%glb_.k_‘ + 25 Lo W, He =0
27 27 ds T P At Uet (I1-1)

with the boundary conditions
25,0y =0

27
E‘L_LSJ o) = O

and initial conditions

The energy equation is
y | (I1-2)
o_2 +¥5_1-15‘\:D_j:-o
2y 27 A
with the boundary conditions 9
7
3(,5/03 = hy. { Z ViCpo (T-Te) v 2 YAy {
e L=t 7:0
9 Co®) = 2

with T= Tw at n =0

and with initial conditions
3C87) = gen)
Referring to Figure V Equations (II-1) may be differenced to yield,

(Reference 31).

i
i
i
i
i
i
i
. Y= 2,0 ()
l 25 = F e U
i
1
i
i
i
i
i
1
i
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X ZJ,rH\ *’ﬁ "Z'J'JK._ + Y & N 153 F.s-uh {t-3)
where
X = 1+ ‘Lz]
et 2y
= = .2'.. + S) ’$|}
Prrl @ B . tn (24
s Py = =iy 1 InlZd,
Y - [(Z‘;);)l ;F.Lf/._\’)] 3oy w [ Wi As

The boundary condition
PER ($,0) = ©
27
implies (Zg)i):) = (Z‘)"l,):)

The boundary condition

2, (5,e0) =0

implies
D_AiL (SJ QY= O
27

In order to apply this boundary condition numerically it i8 assumed that
at some
" N ' M) = O
77 d2c (5, M)
The equations are then solved for all Z. and a test is performed to deter-
mine if:

2ils, y) £ €

where € is some small number,
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If the test fails a new value of‘ ﬁ-—-?po* An is chosen and the procedure
is repeated until,

2. (S,%) £ €
It should be noted that for each mesh point added on the jth strip one
must also be added on the (j-l)':h strip. This, however, presents no
difficulties since it can be assumed Z¢™ O for all ‘n>?;. Hence the
solution of the seven partial differential equations II-1 reduces to the

solution of the n+ 1 linear algebraic equations given below in matrix

form.
Ay Ay Zj. 0 FJ‘QJO
Qv A,y day £j 4
’ -
(I11-3)
Aoy n Ao wny 2, n Fo-iyn
where “,
Ag, g1 =
Ag, 4 - R te L «n
A, -1 = ¥
4, =5
Ui =2 A¥Y
aV\?)JV\ z A+ ¥
a"\qﬂlﬁﬁl = ﬁ ‘
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With the solution of (II-1) now complete along the line J (ZJJ ,©

and hence lYL) are known. The boundary condition %(,SJO) may

J,o

now be determined and differencing Equation II-2 there is obtained:
A (jg,nwl “'/Gcé.i,h' ?fgd)n-l = ZSJ FJ-’J 8l (I1-4)

where c’(/ /3) ¥ have the same definitions and

— ]
FJ-DJK = - ({’1 ﬂj'\Jﬂ
AS
Applying the boundary conditions the difference equations in matrix
form .become.

b bia %O F_)-l_)o

L“A.\ bll L15

i

1I-5

o ba b 9 Ft
where again J

EJ;J L+l =

bY\HJY\ =0

br\-nj nty = 41
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The general tridiagonal matrix

U qlx
A, Aa s R

asv\-:)n—x a\h-\‘,n-\ Qn-.Ju

an)u—\ a'\)V\
can be decomposed into the product of a lower bidiagonal matrix B
and an upper bidiagonal modified triangular matrix C which will

significantly facilitate the solution of the system of linear equations

AX=F,

This decomposition is accomplished in the following manner:

X = dLJ(. L=
XL'I = aL‘-|J'\- /G(c_‘
(S >
o = Al - aLJL-n Vi
let .. o, { 1". .
a ay L -
B - C =

Anp-t An

Now the matrix equation: AX= F is equivalent to BCX=F 3and can_be considered

T

as BY=F and solved for Y as follows:
\{L = F", /-(L l‘—".‘i

Y;,'- F.’,-Cl;,i.-‘ L-l L2 ... N
<i

Finally CX=Y is solved for X:

I XV\‘I = Y\r\-l - T;\‘—"l XV\ L = - - |




vy

il il

-49-

This completes the solution of the eight partial differential equa-
tions. While the implicit finite difference scheme is unconditionaly

stable for all As, An particular attention must be paid to the coefficient

v= 1 - e
ent 247
In the limiting case of An approaching zero it is clear that Y is a
positive number at all finite regions (s, 7 ) of the field. However, for
a finite value of the step size An, and for sufficiently large values of
?7, it is seen that v can become zero or negative due to the unbounded
increase of f with . Such behavior of vy corresponds to a large
truncation error in the finite difference representation of the differential
equations.

In order to obtain the proper asymptotic behavior for 7 ——-)5 it was

necessary to require

(.L -$w) > o0

Wt ey

A study of the difference equation with constant values of fi, was
carried out, Closed form solutions of the difference equation for

various values of A 1 were obtained and compared with the limiting

form for A n — 0. It was found as a result of some numerical experi-
¢
mentation that a suitable criterion for A 7' was ¢
o < 4
2 £y

The implieit finite difference scheme places no requirements of the

ratio of step sizes in the normal and streamwise directions. Accuracy
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is then the only criterion for the step size in the s direction. The
program includes an automatic procedure for determing the step

size needed for a desired degree of accuracy. This is accomplished
by computing the variables Z. at step sizes of (A s) and (2 & s). The

quantity € , where

€ = (zt)a«t (a5 ~ (E&)u 2 (As)

lZi)qi 1 (as
is computed at each (2 A s) and at every other As. Then if

.01 € & £ 0.

the step size As is retained. If
€ £ .0

the step size (2As) is chosen. If

€ > 0.1

the step size As is chosen. The procedure is then repeated,
2

automatically choosing the proper step size as the calculation proceeds.
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A- General Parameters

a= slot height = 1"

C ,=.26403 cal/gm °k

pl
Cp2=. 3654

Cp3= . 56361

Cp4: .28382

Cp5= . 3121
Cp(): . 4968

Cp7= . 43765

"

-51-

TABLE I

Al: 185,23 cal/gm °

A,=2687.9
A 4=2831.3
A ,=200.05
D= 3938.1
A, =55,873.0
A,=911. 78

T = 1040°k

T =500%
W

:

k
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TABLE 1I

Displacement thickness curve fits,

* 2 3
6 =ap aj x a,x a3x

CASE 1

XL ¢0C X2 6060
%0 .33208 WELAT
a -2 -3
1 2.495 %o 246 60 Y10

-L -6

as -2.3059 %10 -.0l02D %0
a L ‘
3 2.01{ 6% y10 0 :
CASE 1II

X< | g00 X z (300
%0 LON5336 2575002,
s dnoza o -
1 Y.401022 %10 47160 %10
a - - T .
2 —26.378 WO = 214956 %D

-1

a3 TO. 306 K10 O
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Table I (continued)

B-Case 1

M =53

i

5780 ft. /sec.

1.2388 x .5 1b. /ft.,3

D
i

Pe=. 00157 atm.

T =275.8 %k
e
5

u_=1.1654 x .5 Ib. /sec. °ft.

Tj= 75°k

C-Case II
M =2
e
u,= 4189 ft. /sec.
o
Tc= 1011. 91 k
pe'—'- .0255 atm.

4
o e=5.4829 x .5 lb.,/ft.3

T,=100 °x

-53.

P_. Case III
M =1.254

e
a_= 3068. 7 ft./sec.
T =1388.5 oK
P_=.03833 atm,

-4 3

p ,=6.0072 x 10 ~ 1b, / ft.

2

-5
B~ 3.384 x 10 b /1t

Tj= 100°K

secC.
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